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Sv(ξ, y1, y2) = F−1[Bv](ξ, y1, y2) =
1
2π
∞∫
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Bv(τ, y1, y2) e−iτξ dτ .
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u(x) ≈
N∑
i=1
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ζi sin(ξi x) + ηi cos(ξi x)
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u(x) =
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k=1
√
λk ζk hk(x) ,
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λk hk(x1)hk(x2)
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∫
(
B(x2 − x1)hk(x1) dx1 = λk hk(x2) , −∞ < x2 < ∞ . 81;
,  % 	 - h(x) = eiωx 	  81; % 0
λ =
∞∫
−∞
B(x2 − x1) e−iω(x2−x1) dx1 ≡ S(ω) .
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∑
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λk e
i 2πk xe−i 2πk x
′
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B(x2 − x1)h(x1) dx1 = λk hk(x2),
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λk ≈ S(ωk) = S(π k/a) , hk(x) ≈ 12π e
i (π k x/a) ,
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B(x1, x2) ≈ B˜a(x1, x2) =
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k=1
1
a
S(
π k
a
) cos
(π k(x2 − x1)
a
)
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u(x) ≈ u˜a(x) =
∞∑
k=1
[1
a
S(
π k
a
)
]1/2{
ζk cos[π k x/a] + ηk sin[π k x/a]
}
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  *  	 *	 ε    	 #  @!) 2	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π2
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	 	  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 
 !	 %  #
	 Γ = {y : y = 0}"
Δu(x) + α grad divu(x) = 0, x ∈ D+, u(x′) = g(x′) x′ ∈ Γ = ∂D+, 8;
% u(x) = (u1(x, y), u2(x, y))T   
	 *  	 	 g = (g1, g2)T  
*  	 # 	  #
	& 4  		 α = λ+μμ  2

0  )H 		   λ 	 μ&
4 /	 
   # 8;    9F:
u(x, y) =
∞∫
−∞
P (x− x′, y)g(x′) dx′ , 81;
% P (x− x′, y) = K(x− x′, y)Q(x− x′, y)  3	 *
K(x− x′, y) = y
π((x− x′)2 + y2) ,
 -	   %!-	%	 /	 
   6 #   ) <
	
	  !	 8&0&  9>: 9F:; 	
Q(x− x′, y) = + β
(x− x′)2 + y2
⎧⎪⎪⎩ (x− x′)2 − y2 2(x− x′)y2(x− x′)y −((x− x′)2 − y2)
⎫⎪⎪⎭ , 8;
%    	 2 	 β = λ+μλ+3μ &
 
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	 	 gi, i = 1, 2  0	
 	 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3	 	  % 	 (& 4	  
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	 u(x, y)   	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 81;  	 #  
	
 〈u〉 = 〈g〉  %
   0	 % 
  〈g〉 = 0& D  % 
 % 
	 	 3  % 
  gi  
	 	  %
 
  81;  u(x, y)    
	 	 3& 4	  C 	 	
3  
	<
 3	 #  	 	&

D  /	 
 81;  u  	 	 Bu(x1, y1;x2, y2)   	
	 # %	  %
Bu(x1, y1;x2, y2) = 〈u(x1, y1)⊗ u(x2, y2)〉 = 〈u(x1, y1)uT (x2, y2)〉 8>;
=
∞∫
−∞
∞∫
−∞
P (x1 − x′1, y1)Bg(x′1;x′2)P T (x2 − x′2, y2) dx′1 dx′2 . 8=;
  
   		 ⊗    
  * u(x1, y1) 	 u(x2, y2) 	
Bg(x1;x2)   	 	   	 #
	 * g
Bg(x′1;x
′
2) = 〈g(x′1)⊗ g(x′2)〉 .
   	   %   %	 g   
	 % 	& 4  
{Bg(x′1;x′2)}ij = δijδ(x′1 − x′2) , i, j = 1, 2 .
B % 
 	 		 δij   @	- # 	 δ(x′1 − x′2)   6
δ!
		& 	   8>; 3 
Bu(x1, y1;x2, y2) =
∞∫
−∞
P (x1 − x′1, y1)P (x2 − x′1, y2) dx′1 .
% % 
    P = P T & 4 	0  0!	  % 
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
		  % %   <
 	     	*
	& 4 	0 
*# z = x1 − x′1 
Bu(x1, y1;x2, y2) =
∞∫
−∞
P (z, y1)P1(x1 − x2 − z, y2) dz = P (·, y1) ∗ P1(·, y2) , 8+;
%  2 -	 P1  3	 # P1(z, y) = P (−z, y)&
4
 8+;     	*
	 	 % 	 
  D
   	*
	&
,  Bu(x1, y1;x2, y2) 	 	  5	 τ = x1− x2  % % % Bu(τ, y1, y2)
	  Bu(x1, x2; y1, y2)&
4 D
 	   	*
	 
F−1[Bu] = F−1[P (·, y1)]F−1[P1(·, y2)] .
 % *  3	  	* 	 F−1[P (·, y1)] 	 F−1[P1(·, y2)]&
,  F−1[P1(·, y2)](ξ, y) = F−1[P (·, y1)](−ξ, y)  
	0  D
 	 

0*	 	  	2 8  9=:; % 0
F−1[Bu] = e−|ξ|(y1+y2)
(
− βy1
⎧⎪⎪⎩ |ξ| ıξ
ıξ −|ξ|
⎫⎪⎪⎭
)(
− βy2
⎧⎪⎪⎩ |ξ| −ıξ−ıξ −|ξ|
⎫⎪⎪⎭
)
. 8;
4 	 	 Bu  	% #	 # 	*	0  <
 #  *	 D

	& 	 
	0  D
 	 
 8 	2; % 3	 0 
 		   	 Bu
Bu(τ, y1, y2) =
y1 + y2
π(τ2 + (y1 + y2)2)
 8F;
+
β(y1 + y2)
π(τ2 + (y1 + y2)2)2
⎧⎪⎪⎩ τ2 − (y1 + y2)2 2τ(y1 − y2)2τ(y1 − y2) −(τ2 − (y1 + y2)2)
⎫⎪⎪⎭
+
4y1y2β2
π(τ2 + (y1 + y2)2)3
⎧⎪⎪⎩ (y1 + y2)((y1 + y2)2 − 3τ2) τ(3(y1 + y2)2 − τ2)−τ(3(y1 + y2)2 − τ2) (y1 + y2)((y1 + y2)2 − 3τ2)
⎫⎪⎪⎭ .
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 81; % 	 	0
 *  	 
		   *
w(x, y) %  3	 #
w(x, y) =
∂u1(x, y)
∂y
− ∂u2(x, y)
∂x
.
	 # 3		
Bw(x1, y1;x2, y2) =
〈
w(x1, y1)w(x2, y2)
〉
=
〈(∂u1
∂y
(x1, y1)− ∂u2
∂x
(x1, y1)
)(∂u1
∂y
(x2, y2)− ∂u2
∂x
(x2, y2)
)〉
.
  /	 
 81;
Bw =
〈 ∞∫
−∞
(∂P11
∂y
− ∂P21
∂x
)
(x1 − x′, y1)g1(x′) +
(∂P12
∂y
− ∂P22
∂x
)
(x1 − x′, y1)g2(x′) dx′
×
∞∫
−∞
(∂P11
∂y
− ∂P21
∂x
)
(x1 − x′′, y2)g1(x′′) +
(∂P12
∂y
− ∂P22
∂x
)
(x1 − x′′, y2)g2(x′′) dx′′
〉
.
D gi   % 	 % 0
Bw =
∞∫
−∞
(∂P11
∂y
− ∂P21
∂x
)
(x1 − x′, y1)
(∂P11
∂y
− ∂P21
∂x
)
(x2 − x′, y2) dx′
+
∞∫
−∞
(∂P12
∂y
− ∂P22
∂x
)
(x1 − x′, y1)
(∂P12
∂y
− ∂P22
∂x
)
(x2 − x′, y2) dx′ 8;
  	0  	0	 *# x′  z = x1−x′ 	 	0  τ = x1−x2 % %
8; 	  	*
	 
Bw(τ, y1, y2) =
(∂P11
∂y
− ∂P21
∂x
)
(z, y1) ∗
(∂P11
∂y
− ∂P21
∂x
)
−
(τ − z, y2)
+
(∂P12
∂y
− ∂P22
∂x
)
(z, y1) ∗
(∂P12
∂y
− ∂P22
∂x
)
−
(τ − z, y2)
% % 
  		 (G(x, y))− 		0   
		 G  -	  −x && (G(x, y))− =
G(−x, y)&
	0 	%  D
 	 %    *# τ  	 
	0  D
 	!
   	*
	 % 0
F−1[Bw](ξ, y1, y2) = F−1
[(∂P11
∂y
− ∂P21
∂x
)
(·, y1)
]
F−1
[(∂P11
∂y
− ∂P21
∂x
)
−
(·, y2)
]
+ F−1
[(∂P12
∂y
− ∂P22
∂x
)
(·, y1)
]
F−1
[(∂P12
∂y
− ∂P22
∂x
)
−
(·, y2)
]
. 8;
4 % %	  	     % 	
  		"
G1(·, y) =
(∂P11
∂y
− ∂P21
∂x
)
(·, y), G2(·, y) =
(∂P12
∂y
− ∂P22
∂x
)
(·, y) 8;
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 8;"
F−1[Bw](ξ, y1, y2) = F−1[G1](ξ, y1) · F−1[G1](−ξ, y2)
+F−1[G2](ξ, y1) · F−1[G2](−ξ, y2) 81;
4 3	  D
 	  G1 	 G2 % 
	   ** %   x
  ** %   τ    % 	 
   D
 	 

0*	 	  	2& 4 
F−1[Bw] = 2(1 + β)2ξ2e−|ξ|(y1+y2) . 8;
'	*	0  D
 	 % #	  2 	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Bw = 4 (1 + β)2 (y1 + y2)
(y1 + y2)2 − 3τ2
π(τ2 + (y1 + y2)2)3
.
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 3		 εij(x, y) 
ε11(x, y) =
∂u1(x, y)
∂x
, ε22(x, y) =
∂u2(x, y)
∂y
,
	
ε12(x, y) = ε21(x, y) =
1
2
(∂u1(x, y)
∂y
+
∂u2(x, y)
∂x
)
.
4 	 Bε11 
Bε11(x1, y1;x2, y2) = 〈ε11(x1, y1)ε11(x2, y2)〉
D
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	*
	 		
Bε11(τ, y1, y2) =
∞∫
−∞
∂P11
∂x
(z, y1)
(∂P11
∂x
)
−
(τ − z, y2) dz
+
∞∫
−∞
∂P12
∂x
(z, y1)
(∂P12
∂x
)
−
(τ − z, y2) d z
4 -  D
 	  #    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   

% 	 % 81;   
		 G1 	 G2 	 8;  
#
 # G1(·, y) = ∂P11∂x (·, y)
	 G2(·, y) = ∂P12∂x (·, y) *&  % 	 
  
 81; %  
		 G1
	 G2 %   
	 %    D
 
 0*	 	  	2

F−1[Bε11 ] = ξ
2e−|ξ|(y1+y2)
[
1− β|ξ|(y1 + y2) + 2β2y1y2ξ2
]
. 8>;
4 	* D
 	 
 	  2 		"
Bε11 = 2(y1 + y2)
[ ((y1 + y2)2 − 3τ2)
π(τ2 + (y1 + y2)2)3
− 3β (y1 + y2)
4 + τ4 − 6(y1 + y2)2τ2
π(τ2 + (y1 + y2)2)4
+ 24β2y1y2
(y1 + y2)4 + 5τ4 − 10(y1 + y2)2τ2
π(τ2 + (y1 + y2)2)5
]
.
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 Bε22   2   % E
 *  
#
 G1(·, y) = ∂P21∂x (·, y) 	
G2(·, y) = ∂P22∂x (·, y) *&   	 	  
  *	 D
 	
%  	 #  
  D
 	 
   	2
F−1[Bε22 ] = ξ
2e−|ξ|(y1+y2)
[
β2 + (1− β)2 + (β − 2β2)(y1 + y2)|ξ|+ 2β2y1y2ξ2
]
, 8=;
	  -  D
 	*"
Bε22 = 2(y1 + y2)
[
(β2 + (1− β)2) (y1 + y2)
2 − 3τ2
π(τ2 + (y1 + y2)2)3
+ 3(β − 2β2)(y1 + y2)
4 + τ4 − 6(y1 + y2)2τ2
π(τ2 + (y1 + y2)2)4
+ 24β2y1y2
(y1 + y2)4 + 5τ4 − 10(y1 + y2)2τ2
π(τ2 + (y1 + y2)2)5
]
.
	  
	  Bε12  *     *	  * 	

		 %  	  3	 
"
F−1[Bε12 ] =
1
2
ξ2e−|ξ|(y1+y2)
[
1 + β2 + 4β2y1y2ξ2 − β2|ξ|(y1 + y2)
]
. 8+;
B	
Bε12 = (y1 + y2)
[
(1 + β2)
(y1 + y2)2 − 3τ2
π(τ2 + (y1 + y2)2)3
− 6β2 (y1 + y2)
4 + τ4 − 6(y1 + y2)2τ2
π(τ2 + (y1 + y2)2)4
+48β2y1y2
(y1 + y2)4 + 5τ4 − 10(y1 + y2)2τ2
π(τ2 + (y1 + y2)2)5
]
.
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 	  	  	0 〈E(x, y)〉 3	 #
〈E(x, y)〉 = 〈 λ
2
(
ε11 + ε22
)2 + μ∑
i,j
ε2ij
〉
.	0  /	 
 81; % #	
〈E(x, y)〉 = λ
2
∞∫
−∞
(∂P11
∂x
+
∂P21
∂y
)2
+
(∂P12
∂x
+
∂P22
∂y
)2∣∣∣
(x−x′,y)
dx′
+ μ
∞∫
−∞
(∂P11
∂x
)2
+
(∂P12
∂x
)2
+
(∂P21
∂y
)2
+
(∂P22
∂y
)2∣∣∣
(x−x′,y)
dx′
+
μ
2
∞∫
−∞
(∂P11
∂y
+
∂P21
∂x
)2
+
(∂P12
∂y
+
∂P22
∂x
)2∣∣∣
(x−x′,y)
dx′ .
  0# % * 
〈E(x, y)〉 = 2μ(λ + 2μ)
π2(λ + 3μ)
∞∫
−∞
dx′
((x− x′)2 + y2)2 +
8μ(λ + μ)2y2
π2(λ + 3μ)2
∞∫
−∞
dx′
((x− x′)2 + y2)3 ,
% 	 # *
 2
〈E(x, y)〉 = μ
πy3
(λ + 2μ
λ + 3μ
+
(λ + μ)2
(λ + 3μ)2
)
.
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⎧⎪⎪⎩u1(x, y)
u2(x, y)
⎫⎪⎪⎭ ≈ 1√
R
n∑
k=1
e−
π k
R
y
[⎧⎪⎪⎩(1− β π kR y)(ζk cos[π k x/R] + ζ˜k sin[π k x/R])
β π kR y(ζk sin[π k x/R]− ζ˜k cos[π k x/R])
⎫⎪⎪⎭
−
⎧⎪⎪⎩ β π kR y(ηk cos[π k x/R] + η˜k sin[π k x/R])−(1 + β π kR y)(ηk sin[π k x/R]− η˜k cos[π k x/R])
⎫⎪⎪⎭
]
8;
% ζk 	 ηk  			 0
	 	 *# 
 
〈ζkζj〉 = δjk , 〈ηkηj〉 = δjk , 〈ηk〉 = 0 , 〈ζk〉 = 0 ,
	      {ζ˜k, η˜k} %  			  {ζk, ηk}&  		 	 
	
	   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ε11(x, y) =
1√
R
∞∑
k=1
π k
R
e−
π k
R
y
[
((−1 + β π k
R
y)ζk + β
π k
R
yηk) sin
π k x
R
+((1− β π k
R
y)ζ˜k + β
π k
R
yη˜k) cos
π k x
R
]
, 8F;
ε22(x, y) =
1√
R
∞∑
k=1
π k
R
e−
π k
R
y
[
((1 − π k
R
y)βζk + (β − 1− β π k
R
y)ηk) sin
π k x
R
+((−1 + π k
R
y)βζ˜k + (β − 1− β π k
R
y)η˜k) cos
π k x
R
]
, 8;
ε12(x, y) =
1
2
√
R
∞∑
k=1
π k
R
e−
π k
R
y
[
((−1− β + 2β π k
R
y)ζ˜k + (β − 1− 2β π k
R
y)η˜k) sin
π k x
R
+((−1− β + 2β π k
R
y)ζk + (1− β + 2β π k
R
y)ηk) cos
π k x
R
]
, 81;
w(x, y) = (β + 1)
√
2√
R
∞∑
k=1
π k
R
e−
π k
R
y
[
ζk sin
π k x
R
+ ηk cos
π k x
R
]
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		  F−1[G1](ξ, y1)F−1[G1](−ξ, y2) 	 F−1[G2](ξ, y1)F−1[G2](−ξ, y2)
 * % G1 	 G2  3	  # #* 8&0& 	    * 
8;;& 4 %    
 81;& 	  
 	  	  
% #  % %   
	 
 8F;! 81;&
) 
 	
  		   I %* 	
#I # ξk = πkR &     2		
8F;!81; 	   εij = V1 +V2 % V1 V2  			 	 3& 4	 
	0 
    
	 #
	 % #	  8F;
V1(x, y) =
1√
R
∞∑
k=1
ξk e
−ξk y (1− βξk y)
[
ζk sin(ξk x) + ζ˜k cos(ξk x)
]
V2(x, y) =
βy√
R
∞∑
k=1
ξ2k e
−ξk y [ηk sin(ξk x) + η˜k cos(ξk x)] . 811;
D  		    	 # 	0 % 8>;   	 3
ε11 = V1 + V2     
		&
 
	 0*  ε22 = V1 + V2"
V1(x, y) =
β√
R
∞∑
k=1
ξk e
−ξk y (1− ξk y)
[
ζk sin(ξk x) + ζ˜k cos(ξk x)
]
,
V2(x, y) =
1√
R
∞∑
k=1
ξk e
−ξk y (1− β + βξk y)
[
ηk sin(ξk x) + η˜k cos(ξk x)
]
, 81;
 ε12 = V1 + V2"
V1(x, y) =
1
2
√
R
∞∑
k=1
ξk e
−ξk y (1 + β − 2βξk y)
[
ζk sin(ξk x) + ζ˜k cos(ξk x)
]
,
V2(x, y) =
1
2
√
R
∞∑
k=1
ξk e
−ξk y (1− β + 2βξk y)
[
ηk sin(ξk x) + η˜k cos(ξk x)
]
, 81>;
	   *
w(x, y) = (β + 1)
√
2√
R
∞∑
k=1
ξk e
−ξk y [ζk sin(ξk x) + ζ˜k cos(ξk x)] . 81=;
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  		 g(τ, y) = F [h](τ, y)   D
 	   
		 h(ξ, y) %
   3 *# ξ 	 F−1[g](ξ, y)   	*"
F [h](τ, y) =
∞∫
−∞
eıτξh(ξ, y) dξ , F−1[g](ξ, y) =
1
2π
∞∫
−∞
e−ıτξg(τ, y) dτ .
  
  %	0     D
 	
F−1[Dmτ g(τ, y)] = (ıξ)
m F−1[g](ξ, y) ,
F−1[Dmy g(τ, y)] = D
m
y F
−1[g](ξ, y) . 81+;
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F−1
[ y
π(τ2 + y2)
]
= e−|ξ|y,
F−1
[ τ2 − y2
π(τ2 + y2)2
]
= F−1
[ ∂
∂y
( y
π(τ2 + y2)
)]
= −|ξ|e−|ξ|y, 81;
F−1
[ −2τy
π(τ2 + y2)2
]
= F−1
[ ∂
∂τ
( y
π(τ2 + y2)
)]
= ıξe−|ξ|y,
F−1
[2y(y2 − 3τ2)
π(τ2 + y2)3
]
= F−1
[ ∂2
∂y2
( y
π(τ2 + y2)
)]
= ξ2e−|ξ|y,
F−1
[2τ(3y2 − τ2)
π(τ2 + y2)3
]
= F−1
[ ∂2
∂y∂τ
( y
π(τ2 + y2)
)]
= −ıξ|ξ|e−|ξ|y,
	
F−1
[6(y4 + τ4 − 6y2τ2)
π(τ2 + y2)4
]
= −F−1
[ ∂3
∂y3
( y
π(τ2 + y2)
)]
= |ξ|3e−|ξ|y,
F−1
[24y(y4 + 5τ4 − 10y2τ2)
π(τ2 + y2)5
]
= F−1
[ ∂4
∂y4
( y
π(τ2 + y2)
)]
= |ξ|4e−|ξ|y .
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